A group G is said to admit three-fourths automorphisms if it is possible to establish at least one (1,1) correspondence between its operators in which exactly three-fourths of these operators correspond to their inverses. This is the only condition imposed on G in the present article. It is easy to prove that whenever G admits at least one such automorphism it must admit exactly three distinct ones, and it must contain exactly three abelian subgroups of index 2. In each of these three automorphisms all the operators of two of these subgroups correspond to their inverses while the remaining operators correspond to their inverses multiplied by the commutator of order 2 contained in G. The continued product of these three automorphisms is an automorphism of G in which each of the operators of the central corresponds to its inverse while every other operator corresponds to its inverse multiplied by the commutator of order 2 contained in G. Hence G must also admit such an automorphism whenever it admits a three-fourths automorphism, and this automorphism is invariant under the group of automorphisms of G while a three-fourths automorphism is not necessarily invariant under this group.
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A necessary and sufficient condition that a group admits a three-fourths automorphism is that its central is of index 4, and hence its order must be divisible by 8. If its order is not a power of 2 then G must be the direct product of an abelian group of odd order and a non-abelian group of order 2m, and every such direct product admits three-fourths automorphisms whenever its Sylow subgroup of order 2m has this property. At most three-fourths of the operators of a non-abelian group can correspond to their inverses in an automorphism of the group, and hence the category of the groups under consideration is composed of the totality of the non-abelian groups which separately admit an automorphism in which the maximal relative number of the operators of such a group may be made to correspond to their inverses in an automorphism. The quaternion group and the octic group constitute the most elementary examples of such groups.
A necessary and sufficient condition that a three-fourths automorphism of G is the identity automorphism is that only one-fourth of the operators of G have orders which exceed 2. Hence this is a characteristic property of the catagory of groups composed of the direct product of the octic group and any group which involves no operator whose order exceeds 2.1
The other two three-fourths automorphisms of each of the groups of this category are inner automorphisms of order 2 and are conjugate under the group of isomorphisms of G. The three three-fourths automorphisms of G generate an abelian group whose order is either 4 or 8. If this order is 4, then each is an inner automorphism while none of them is an inner automorphism when this order is 8. The product of two distinct threefourths automorphisms is always an inner automorphism of order 2, and each of the three inner automorphisms of this order is the product of two three-fourths automorphisms of G. The Hamiltonian groups of order 2' are characterized by the fact that their three three-fourths automorphisms are also their three inner automorphisms of order 2. The same category of groups is also characterized by the fact that the continued product of its three three-fourths automorphisms is the identity.
A group is said to admit an a-automorphism whenever each of its operators corresponds to its ath power in one of the possible automorphisms of the group. It is known that the a-automorphisms are the only invariant automorphisms of an abelian group and that they are also invariant under the group of automorphisms of a non-abelian group but they do not necessarily constitute all the invariant operators of the latter group. A group can obviously not admit an a-automorphism unless a is prime to its order and hence it is only necessary to consider the additional coditions which a group must satisfy in order that it may admit an a-automorphism. Suppose that all the commutators of a given group are invariant and have orders which do not exceed 2. It results at once that if s1 and S2 are two operators of such a group then we can establish an a-automorphism between its operators whenever a = 1 mod 4; for if s1 and S2 correspond respectively to s' and s' then it results that S1S2 corresponds to (SlS2)a since (SlS2)a.= s's' when the given conditions are satisfied. Hence we have established the following theorem: If all the commutators of a group are in its central and have orders which do not exceed 2 then this group admits an a-automorphism whenever a is both prime to its order and also congruent to 1 mod 4, and only then. From this theorem it follows directly that a group which admits three-fourths automorphisms must also admit an a-automorphism whenever a is of the form 1 + 4k and is prime to the order of the group, and only then. . If a group G which admits three-fourths automorphisms admits also an a inner automorphism of order 2, its Sylow subgroup of order 2m must also have this property. One of the abelian subgroups of index 2 contained in this Sylow subgroup must therefore be composed of all of its operators which are not of highest order, and its commutator of order 2 must be generated by one of its operators of highest order. Moreover, this highest order must exceed 4. When these conditions are satisfied any non-invariant operator of this Sylow subgroup which is not of highest order must transform every operator of this subgroup into the same power of itself, and hence it must transform these operators according to an a inner automorphism of order 2. This furnishes a proof of the following theorem:
Necessary and sufficient conditions that a group which admits three-fourths automorphisms admits also an a inner automorphism of order 2 are that its Sylow subgroup of order 2m involves an abelian subgroup of index 2 composed of all its operators which are not of highest order and that the fourth power of an operator of highest order generates its commutator of order 2.
If a three-fourths automorphism of G is also an a-automorphism it must be the identity automorphism since an operator of order 20, # > 1, must correspond to its inverse in each of the other three-fourths automorphisms. As the continued product of the three three-fourths automorphisms of G can also not be an a-automorphism unless it is the identity automorphism it results from the theorem noted at the close of the preceding paragraph that the group formed by the a-automorphisms of G cannot have more than two operators in common with the group generated by its three-fourths automorphisms, and if these two groups have two operators in common the latter must be of order 8. The order of the group formed by the a-automorphisms of G is equal to the number of the distinct natural numbers of the form 1 + 4k which are prime to the order of G and do not exceed the order of the largest operator contained in G. This group appears in the central of the group of automorphisms of G but it cannot contain more than half the operators of this central when the continued product of the three three-fourths automorphisms of G is of order 2 since this continued product is also in this central, as was noted above.
When G is extended by an operator which transforms it according to a three-fourths automorphism and has its square in G there results a group whose order is twice the order of G. To determine all the groups which can be constructed in this way when G is given it may be noted that the only operators besides the identity which are invariant under such a Voiw. 15, 1929 3MATHEMATICS: A. A. ALBERT group are the operators of order 2 which appear in the central of G. It therefore results from the general theory for constructing all the groups which contain invariantly a given group of prime index2 that if the multiplier so is not the identity it can be selected in as many different ways as there are different complete sets of conjugates operators of order 2 under the group of isomorphisms of G in the central of G. Hence the following theorem: The number of distinct groups which may be formed by extending a given group G by means of an operator which transforms it according to a three-fourths automorphism and has its square in G is one more than the number of the complete sets of conjugate operators of order 2 under the group of isomorphisms of G which appear in the central of G. 1. Introduction.-No special properties of the rank function of a simple algebra have been given in the literature except for the limiting cases of a total matric algebra and a normal division algebra. We consider here the general simple algebra, first represented as a normal algebra over its central field, the field of all of its elements commutative with every one of its elements, and then as a simple algebra over F, and obtain the rank and irreducibility of the rank function.
2. Properties of an Algebra A over F(v) with Respect to F.-Let F be any infinite field and v be an element whose minimum equation with respect to F is irreducible with respect to F and has degree a. Then F(v) is an algebraic field of order a over F. Consider any algebra A over F(v) which is a linear associative algebra with a modulus (denoted by 1) and has order b with respect to F(v). Then, if uo0 1, and uo, u2, .... We may write the general element of A to be x = E tw where t,.
.-1 are independent variables in F. Then a known theorem' states that
